In this paper, a new triangular discretization method for two-dimensional
Introduction
Thermal effects are important factors to be considered in many scientific and engineering problems [1] [2] . Generally, a temperature change can cause a change of pore-fluid density, so that buoyancy-driven flow, which is also called the convective pore-fluid flow, can take place in the fluid-saturated porous medium [3] [4] [5] . Since the buoyancy-driven flow can affect the thermal field distribution through heat convection, it is strongly coupled with the thermal field in both geological and engineering length-scales [6] [7] [8] . More importantly, such convective pore-fluid flow in saturated porous media can result in the formation of large mineral deposits within the crustal rocks [1] and large geological faults [9] [10] . In addition, thermal effects can also play an important role in geochemical reactions [11] [12] . On the other hand, the deformation of a porous medium can cause a considerable change in the porosity and permeability of the porous medium [2] . Since both the physical dissolution [13] [14] and the chemical dissolution [15] [16] of dissolvable materials in fluid-saturated porous media can cause a significant change in the porosity and permeability of the 2 porous media, they can affect the pore-fluid flow through the change of flow channels [17] [18] . This indicates that chemical dissolution reactions are strongly coupled with the pore-fluid flow through porosity and permeability change [19] [20] [21] [22] , and indirectly coupled with the thermal field because the thermal field is strongly coupled with the pore-fluid flow. Therefore, fully coupled problems between medium deformation, pore-fluid flow, heat transfer, mass transport and chemical reactions can be found in a wide range of scientific and engineering problems [23] . For this reason, any improvement on the existing methods of predicting the thermal field distribution in fluid-saturated porous media may have both scientific and practical significance . In a broad sense, the outcome of such an improvement can enrich the contents of the emerging computational geoscience [2] .
For some geotechnical structures, it is very important to numerically analyze the thermal stability for engineering construction. Traditionally thermal stability analyses have been conducted by solving the heat conduction equation under the assumption that the soil properties are deterministic [24] [25] [26] [27] . In fact, especially for geotechnical structures, there are a large number of uncertainties for soil properties [28] [29] [30] [31] . Therefore, it is reasonable to take into account the probabilistic aspects of the soil parameters. In the early time, some researchers tried to simulate random parameters as random variables [32] [33] [34] [35] . Conventional deterministic temperature field analysis becomes uncertain temperature field analysis including random variables. Xiu and Karniadakis [36] and Emery [37] gave the description of the random parameters based on the stochastic progress theory. However, both the random variable method and the stochastic progress method cannot describe the spatial variability of soil parameters. Vanmarcke et al. [38] [39] first pointed out that the random field method can accurately describe the spatial variability of soil parameters.
To consider the random field, discretization is necessary. The local average method is popular because it converges rapidly and it needs less statistical information than other methods. Vanmarcke et al. [40] presented a rectangular local average method to discretize two-dimensional random field. Chen and Dai [41] presented an arbitrary quadrilateral local average method based on the theory of linear coordinate transformation. Although the quadrilateral local average method can combine with the quadrilateral finite element method (e.g., Fig.1a and 1c) , it is difficult to combine with the more popular triangular finite element method. It is because that the quadrilateral random field grids cannot match up with the triangular finite element grids (e.g., Fig.1b and 1c) . Therefore, the triangular local average method is necessary (e.g., Fig.1d ), and the triangular random field grids can combine with the triangular finite element grids (e.g., Fig.1b and 1d) . [40] [41] (d) Triangular local average method Fig.1 . Matching relation between finite element mesh and random field mesh. 3 Because the calculation of random temperature fields including random fields is unusual, there is less research on this aspect. Liu et al. [42] [43] calculated the random temperature field of a frozen soil roadbed based on the random field theory. But a detailed description of the random field and the numerical characteristics of local average random field were not given. Wang and Zhou [44] compared the results of calculating temperature field by modeling uncertain material parameters as spatially random fields and traditional random variables respectively. But there is still no complete understanding of the random effects of uncertain thermal parameters.
In this paper, the uncertain thermal parameters (thermal conductivity and volumetric heat capacity) are modeled as spatially continuous random fields. A new triangular local average method is presented based on local average theory. Its main advantage, compared to the quadrilateral local average method, is that triangular random field grids can perfectly match up with triangular finite element grids. Finally, the random temperature fields of a geotechnical structure are studied via Monte-Carlo stochastic finite element method. The result can improve our understanding of uncertain thermal properties of geotechnical structures under the condition of probabilistic aspects, and provide a theoretical basis for stochastic stress fields and displacement fields, indicating that the outcome of this study may enrich the research contents of the emerging computational geoscience [2] .
Deterministic heat conduction problems
For the 2D heat conduction problem of the temperature field (without considering the rate of internal heat generation), the basic equation can be written as:
where T is the temperature, t is the time, k is the thermal conductivity, C is the volumetric heat capacity, and (x, y) is the position coordinate. Based on the backward difference method, the finite element equations of the heat transfer can be written as: (2) where (2) is a deterministic result. In this paper, [K] and [N] are not deterministic variables because the thermal parameters are uncertain, so {T} t of Eq.(2) also is a random result. It is more accurate by modeling the uncertain thermal properties as spatially random fields instead of conventional random variables [46] .
Calculation models of stochastic parameters

Description of random field
The essence of the random field model is that uncertain stochastic parameters are modeled as 4 homogeneous Gaussian random fields and the correlation of the uncertain parameters are described by autocorrelation function. It is a method to calculate the spatial average variance from just the point variance based on the test data. We modeled the thermal conductivity and volumetric heat capacity as a 2D continuous random field. P(x, y) is a point on the plane, and the random function, X (P), constitutes a 2D continuous random field.
Based on the random field theory, the autocorrelation function can be written as:
where the position of P′(x′, y′) is different from P(x, y).
The standard relevant coefficient can be written as:
where ρ(ξ, η) is a standard relevant coefficient. X (P) is a random field whose mathematical expectation is μ. We assume that Y (P)=X(P)-μ, so Y (P) is a random field whose mathematical expectation is zero. The mathematical expectation, variance and covariance of Y (P) are:
Therefore, it is reasonable when we assume that the mean function is zero for the analysis of the numerical characteristics of the local average random field.
A new triangular local average method
Although the triangular finite element method is popular, the conventional quadrilateral local average method cannot combine with it. It is because that the quadrilateral random field grids cannot match up with the triangular finite element grids. Therefore, we present a new triangular local average method to discretize two-dimensional random field.
X(x,y) is a 2D continuous random field for uncertain stochastic parameters. The mathematical expectation is zero and the variance is constant, i.e
., E[X(x y)]= 0 and Var[X(x y)]= σ
2 . It is the triangular local average method when the two-dimensional random field is divided by triangular grids. The triangular random field element is shown in Fig.2 . Fig.2 . Two-dimensional triangular random field elements. 5 The local average random field for a triangular element is defined as
e e e X X x y dxdy A    (8) where A e is the area of e and Ω e is the possessive section of e.
The mathematical expectation of the local average random field for a triangular element is: The covariance of the local average random field for two triangular elements is:
According to Eq. (3), (4) and (8), Eq.(10) can be renewed as:
ee ee ee Cov X X x x y y dxdx dydy AA
where A e' is the area of e′ and Ω e ′ is the possessive section of e′. According to Eq. (9), we can see the mathematical expectation of the local average random field for an triangular element is same as the original random field and its calculated value is zero. The covariance of the local average random field for two triangular elements is complicated for calculating. It is difficult to obtain the explicit formulation of Eq.(11) when the calculation formula of standard relevant coefficient is complicated, so the coordinates transform method and the Gauss numerical method are needed to perform the integration.
Based on coordinates transform method, x, y, x′ and y′ can be expressed as: Based on Gauss numerical method, there is:
where Δ is the area of triangular element, M is the number of basis points and ω (K) is the weighted coefficient. 6 According to Eq. (14), Eq.(13) can be renewed as:
Eq. (15) is the computational formula of the covariance for two triangular random field elements. If the standard relevant coefficient is known, we can obtain the result of covariance matrix. In order to guarantee the calculation accuracy, we assume that M = 7, and Table 1 is the calculating parameter for Eq.(15). 
Analysis method of random temperature field
In this paper, the sample values of each random field element can be obtained by independent transformation method [44] . The random temperature field of geotechnical structures can be calculated by Eq.(2), boundary conditions, initial conditions and the samples of the local average random field based on the Monte-Carlo method. The Monte-Carlo method is accurate no matter how large the perturbations are. It can be perfectly combined with the deterministic finite element method and thus avoids the complicated theoretical derivation. It is simpler for program composition because the triangular local average method can perfectly combine with the triangular finite element method, and the random field mesh and the finite element mesh is able to use the same mesh, the corresponding relation is very clear. Therefore, the triangular local average method can be widely used to discretize two-dimensional random field. Although the computational load is heavy for the Monte-Carlo method, it is the most accurate method for stochastic finite element analysis and the performance of the computer is getting better and better. Also, Neumann expansion method can improve the efficiency to some extent [47] . For this paper, it is unnecessary because the numbers of finite element grid and random field grid are small.
The mathematical expectation matrix, E(T), and the standard deviation matrix, σ(T), can be obtained by statistical analysis of the temperatures of the finite element nodes. The computational formulas are: (17) where T k is the temperature matrix, N is the number of calculations. Based on the above analysis, a series of computer codes have been compiled by MATLAB Fig.3b shows the triangular finite element grids for finite element method. Fig.4 shows the quadrilateral random field grids and the triangular random field grids for local average method. It can be seen that the quadrilateral random field grids cannot match up with the triangular finite element grids from Fig.3b and 4b. Fig.3b and 4a show that the triangular random field grids can perfectly match up with the triangular finite element grids because the discrete grid is the same. It is obvious that the corresponding relation is clearer and the program is simpler than conventional quadrilateral local average method. It must be pointed out that the above boundary conditions are only suitable for the problems of finite computational domains, such as the artificially-designed problem in this study. However, since most of geoscience and geotechnical problems may involve infinite computational domains [48] [49] [50] , the dynamic and transient infinite elements [51] [52] should be used to simulate the far field of such geoscience and geotechnical problems in the real world [48] [49] [50] [53] [54] . In order to prove the correctness of proposed approach, we compared the calculation results of two local average methods. According to Liu and Liu [55] , Fig.3b and 4b have the corresponding relations which every quadrilateral random field grid contains two triangular finite element grids. The computational formulas of mathematical expectation and covariance for quadrilateral random field element can be obtained from Chen and Dai [41] . Fig.4b has 160 quadrilateral elements and 187 nodes while Fig.4a has 320 triangular elements and 187 nodes. We modeled the thermal conductivity and the volumetric heat capacity as two different random fields. Therefore, there are 320 random variables in 8 Fig.4b and 640 random variables in Fig.4a . We assumed that ρ(r,s)=exp(-(r+s)/50) and the coefficients of variation of thermal conductivity and volumetric heat capacity are both 0.2. The random temperature field can be obtained by the stochastic finite element program which is compiled by MATLAB. Fig.5 and 6 show the results of mean temperature and standard deviation for two local average methods in 100 hours. It can be seen from Fig.5a, b and c that the mean temperature is the same. The results of mean temperature are believable because the mathematical expectations of the random field element are equal for two local average methods. It can be seen from Fig.6a, b and c that the standard deviation of quadrilateral local average method is smaller than the standard deviation of triangular local average method. Based on the proposed approach and Chen and Dai [41] , the variances of triangular random field element are bigger. Therefore, the results of standard deviation are credible because the sample values of the quadrilateral random field element are smaller. In order to study the random response of thermal conductivity and the volumetric heat capacity, we calculated different case which is listed as table 2. From Fig.8a, b and c, it can be seen that the larger the coefficient of variation is, the larger the standard deviation is, and different locations have different random response. For location O 1 , O 2 and O 3 , the standard deviation is increases first, and then decreases. For location O 1 , O 2 and O 3 , the maximum of standard deviation appears at the 10th, 14th and 18th hour respectively. Therefore, we can conclude that the maximum of standard deviation doesn't appear at the same time for different locations. For the different variability of volumetric heat capacity, a similar conclusion can be made. Fig.9 shows the standard deviation of O 2 for the same variability of thermal conductivity and volumetric heat capacity in 100 hours. From Fig.9a, b and c, it can be seen that the combined action of thermal conductivity and volumetric heat capacity have more strongly random response to the temperature field than any one of them. For the effects of thermal conductivity and volumetric heat capacity alone, according to Fig.9a , the variability is roughly the same when the coefficient of variation of thermal conductivity and volumetric heat capacity is 0.1. According to Fig.9b , there is a little different for the variability when the coefficient of variation of thermal conductivity and volumetric heat capacity is 0.2. The influence from thermal conductivity is more strongly than volumetric heat capacity after the peak of standard deviation. According to Fig.9c , there is significantly different for the variability when the coefficient of variation of thermal conductivity and volumetric heat capacity is 0.3. The influence from volumetric heat capacity is more strongly than thermal conductivity before the peak of standard deviation, while the influence from thermal conductivity is more strongly than volumetric heat capacity after the peak of standard deviation. Therefore, we can conclude that thermal conductivity and volumetric heat capacity have different random response to the temperature field when the coefficient of variation is larger. For the location O 1 and O 3 , a similar conclusion can be made. .1; (b) 0.2; (c) 0.3 
Numerical examples and analysis
Conclusions
According to the results from this study, the following conclusions can be drawn: 1) The new local average method can perfectly combine with triangular finite element method. Comparing with the traditional quadrilateral local average method, the mean temperature is the same while the standard deviation is bigger. The proposed approach has clearer corresponding relation, simpler computer codes and more accurate results.
2) A stochastic finite element program compiled by MATLAB can directly output the statistical results for uncertain thermal properties. The related computer codes can be employed for other probabilistic problems after making slight modifications.
3) When the coefficient of variation is large, the effect of volumetric heat capacity is more strongly than thermal conductivity before the peak of standard deviation, while the effect of thermal conductivity is more strongly than volumetric heat capacity after the peak of standard deviation.
It should be pointed out that for most scientific and engineering problems in the real world, thermal process is often coupled with the pore-fluid flow process, medium deformation process, mass transport process and chemical reactions. Since the thermal process is only considered in this study, the fully-coupled problem between medium deformation, pore-fluid flow, heat transfer, mass transport and chemical reactions should be considered in the future research, so that the numerical method proposed in this study can be used to solve realistic scientific and engineering problems.
